Many fluid flow problems involving turbulence, shocks, and material interfaces create a common issue high wave number irregularity. The non-linear advection term in the governing equations for all of these problems keep generating higher wave modes as k goes to infinity. In this work, we present an inviscid regularization technique, called observable regularization, for the simulation of two-phase compressible flow. In this technique, we use observable divergence theorem to derive an observable equation for tracking material interface (volume fraction). In some onedimensional test cases, first we show that this method preserves pressure equilibrium at material interface, then we compare our results to exact Euler solutions. At the end we demonstrate a two-dimensional simulation of shock-bubble interaction showing good agreement with available experimental data from literature.
Introduction
Material interfaces and/or shockwaves are the source of complex flow behavior in many fluid engineering problems. Scientific understanding of these problems is the base for technological advances needed in engineering and daily life. For example, shock-induced collapse is a damaging phenomena leading to propeller erosion in naval engineering; similar mechanisms may lead to tissue damage and internal bleeding in shockwave lithotripsy, a non-invasive medical treatment of kidney stone. In the past couple of decades, with the improvement of computational power, numerical study of such problems became mainstream. While solving the conservation equations needs considerable understanding of the equations, appearance of sharp variations or discontinuity in flow variables create challenges that need specific attention.
In the past three decades, a large amount of effort is gone into numerical treatment of material interfaces and shocks. Many approaches are developed for tracking/capturing interfaces including Front Tracking [3] , γ-based model [15] , mass fraction based model [22] , volume fraction based model [1] , and level set-ghost fluid method [7] . On the other hand, several Riemann solver type approaches are developed for physical approximation of fluxes at discontinuities,
In the past three decades, a large amount of effort is gone into numerical treatment of material interfaces and shocks. Many approaches are developed for tracking/capturing interfaces including Front Tracking [3] , γ-based model [15] , mass fraction based model [22] , volume fraction based model [1] , and level set-ghost fluid method [7] . On the other hand, several Riemann solver type approaches are developed for physical approximation of fluxes at discontinuities, specifically for problems including shock waves; Roe solver [23] , HLL [11] , HLLC [27] , and flux vector splitting [26] are a small sample of such methods. All the efforts in solving fluid equations are based on the assumption that Euler set of conservation equations are valid when solved with limited resolution. This assumption holds in regions of smooth variations where the flow variables and their derivatives can be represented using the limited resolution with minimal error. However, it may not be the case in regions with sharp changes.
When we have sharp variations in a field quantity, one needs to have a large number of wave modes in the Fourier space to correctly represent the data and as thickness of jump decreases, the required number of modes approaches infinity. Using the Euler set of equations, we inherit the infinite resolution assumption used in their derivation. Then, by discretizing the domain into finite sizes we violate that assumption. This leads to numerical instability challenges in simulation of shocks, interfaces, and even turbulence. In order to avoid this conflict, Mohseni [20, 17] developed the concept of Observable Divergence in which the finite resolution limit (observability limit) is introduced into the derivation of conservation equations. Using observable divergence mandate a reevaluation of the governing equations for the existing problems in order to systematically resolve the challenges in the simulations of fluid flows, including but not limited to multiphase flows, shocks, and turbulence.
In this paper, we first develop observable version of the governing equations for a twophase flow problem. Without loosing generality and for the sake of simplicity, we use a gas-gas problem for which we can use ideal gas equation of state. Then we show solution of 1D and 2D shock-interface interaction problems using observable set of equations and compare them to available exact solution or experimental results from literature. We also investigate the effect of observability limit on the results.
Observability
Solving fluid dynamics equations often require treating non-linear terms. The challenge with nonlinear terms is in the way that they can create discontinuity in the flow field even starting from a smooth initial condition. Computational challenges in simulation of multiphase flow, shock, and turbulence can be viewed as separate problems as one can see in the literature. However, if we look at the problem in the Fourier space, they are all the symptoms of one main issue, the finite available resolution, or as we call it, the limit of observability. To put it in context, observing Burgers equation, u t + uu x = 0, with a smooth initial condition, u = sin(x) with x ∈ [0, 2π), initially u can be represented using one Fourier mode. The nonlinear term uu x represent a convolution in Fourier space, which means at each time step the number of non-zero Fourier modes in the solution increases. Consequently, in a finite time, the number of available modes in the solution, m, will be larger than the available number of modes in any computational simulation, n, as a result of finite resolution. When m becomes greater than n the energy cascade from low wave numbers to higher wave numbers are not correctly calculated and a phenomena called spectral blocking contaminate the solution and brings the tail of spectral energy up as shown using the dash-dot line in Fig. 1 . The beginning of spectral blocking is the time when the instability in the solution start to grow and if not controlled, the solution would diverge in a short time. Significant effort is gone into controlling numerical instabilities in fluid flow computations depending on the problem of interest. Examples of such efforts includes, diffused interface in incompressible multiphase flow, Riemann solvers in compressible flow, and turbulence modeling using RANS or LES in turbulent flows. In these approaches, the starting points are equations with infinite observability, which means dx can go to zero. However, since in practice ∆x in numerics cannot go to zero and also in most cases the large scale features of flow is of interest to scientists and engineers, the equations are averaged in different ways to achieve equations for capturing main features of the flow. These averaging techniques generate extra terms in the system of equations which need some kind of modeling.
A different way to look at the problem is to use the finite resolution assumption when deriving the governing equation as shown in the derivation of observable divergence theorem by [17] . For a vector field, F = f V, we define the observable divergence, odiv, using
where (.) is an averaging operator with an observability of length scale α. Without loosing generality, here we use a Helmholtz filter as the averaging operator defined by,
Observable divergence theorem for a region of space, Ω, surrounded by a surface, S, states that
where n is the normal vector to the surface. Using this theorem, we can easily rewrite the conservation laws with finite resolution assmption, described in the following section.
Governing equations
For the equation of motion, we start with the conservation of mass, momentum, and energy for the mixture fluid properties used in [14] which are inferred in different ways [1, 18] from Baer-Nunziato 1986 model [2] or Drew's derivation of two phase conservation equations [5, 6] :
3 where ρ, u, p, and E are density, velocity vector, pressure and specific total energy of fluid mixture, respectively. In the derivation of Equations (4) to (6) , an instantaneous mechanical relaxation between phases is assumed, u = u 1 = u 2 and p = p 1 = p 2 where subscript 1 and 2 refer to phase 1 and 2. The mixture quantities are defined using the following relations:
here, z 1 and z 2 are the volume fractions of phase 1 and 2 and z 1 + z 2 = 1. In the rest of this text z with no subscript refers to z 1 . By writing Equations (4) to (6) in integral form and then using the observable divergence theorem to replace surface fluxes with the odiv of those fluxes, we obtain the observable version of the conservation equations for the fluid mixture
In order to close this system of equations, an equation of state (EOS) needs to be used. Without loosing generality, here we use ideal gas equation of state,
where γ is the ratio of specific heat of fluid mixture at constant pressure to its specific heat at constant volume. The mixture Γ is defined as
In order to calculate Γ, volume fraction of one of the phases should be known. To this end, we need an equation for volume fraction which is derived in the following subsection.
Observable interface capturing
For the purpose of capturing the interface while keeping pressure equilibrium at the interface, we consider the case of interface only problem, following [24] , in which velocity and pressure are constant in the domain while density and material properties changes across the interface. For simplicity, we present the one-dimensional equations. Equations (8) to (10) can be rewritten in the following non-conservative form, 
where e is the specific internal energy with E = e + 1 2 u 2 . Using the assumptions mentioned above, the equations for the evolution of interface can be inferred to be
By inserting equation of state into Eq. (17) and rearranging we have
With pressure equilibrium requirement, the first parenthesis is zero. Since this equation needs to be satisfied for any pressure, the term in the second parentheses should be zero. Writing second parenthesis using Eq. (12), the simplified equation is
which is the observable equation for capturing material interface in one-dimension and the general form of the equation is
Numerical method
In this work, we use a pseudo-spectral discretization of the derivatives in order to avoid any numerical dissipation contaminating the results. Helmholtz operator, Eq. (2), is also applied in the Fourier space to calculate the observed quantities. A buffer zone is added to the sides of the physical domain to 1. make the computational domain periodic, 2. make transition from the condition on the right of the physical domain to left of it, 3. prevent reflection of waves from boundaries and into the domain.
To achieve the second condition while satisfying the third condition we use a smooth 5 th order polynomial as a weighting function to transition from the governing equation in the physical domain to a linear advection equation with a damping term in the buffer zone. The governing equation in the buffer zone is applied using similar ideas proposed by [8] . A 3 rd order TVD Runge-Kutta method is used for time marching [9] . For dealiasing, a low pass exponential filter,
, is used [12] . For all initial conditions we use double filtering as explained by [21] .
Results and discussion
Here, we present several 1D test cases to show the performance of the proposed method compared to other available methods and demonstrate the effect of observability limit. We also present a 2D computation to show that the observable set of equations for two phase flow correctly predict available experimental results. (20) Figure 2 shows the result at time equal 4 when all the flow variables should be exactly equal to initial condition. Observed (filtered) density and ratio of heat capacities are shown using blue empty circles which are in good agreement with the two-phase Euler's exact solution (black solid lines). In addition, we include the results of a WENO5 finite volume method calculated by [14] (orange empty triangles). The magnitude of differences between the final and initial observed velocity and pressure are demonstrated to be zero to the order of machine precision, as expected. This shows that our method preserves the pressure equilibrium at material interfaces.
Here we use grid size ∆x = 0.01 similar to [14] and we set non-dimensional observability limit α/∆x = 1. 
1D interaction of a shock wave with a Helium bubble
In this problem which is studied by [22] , a Mach 1.22 shock wave traveling in air interacts with a Helium bubble. The initial condition for this problem is:
The ratio of specific heat, γ, is set to 1.67 and 1.4, inside (z = 0) and outside (z = 1) the bubble, respectively. Figure 3 demonstrate the results for this problem at t = 0.35. The solid black line is the reference result using a high resolution of 16384 grid points and α/∆x = 1.5. The red dotted line and blue dash-dot line are simulations using a 1024 grid points with α/∆x equal 1.5 and 4.5, respectively. When the incident shock hits the interface, a left going rarefaction wave reflects while a shock passes into the bubble. This shock hits the other end of bubble and creates a transmitted shock and a reflected shock. These interactions consequently results in two left going and three right going shock waves until t = 0.35. As shown in the figure, for this problem the method can regularize the equation using a non-dimensional observability limit as small as 1.5. Obviously, as we increase α/∆x, the equations become more regularized but at the same time we loose details of our quantities of interest. So, the general rule of thumb for selecting α/∆x is to be as close as possible to 1 to retain the details as much as possible. While, choosing α/∆x less than one might be possible, there is a risk for computations to diverge since we are under critical observability limit which is of order ∆x. This risk increases as the severity of discontinuity in the initial condition increases. 1D interaction of a strong shock wave with air bubble As stated by [4] , the interaction of shock with a material interface can challenge numerical methods which does not solve the equations in conservative form. The main known artifact could be error in the resulting wave speeds which deteriorate as time passes and error in mass conservation increases. To investigate the performance of our method in this regard, we study the interaction of a strong shock wave with a material interface. This problem is originally proposed by [16] , and then a modified form of it, as used here, is solved by [13] and [4] . In this problem a Mach 8.96 shockwave moving in Helium interacts with an air bubble. Initially, the unshocked region has a small velocity towards the shock. We use the same resolution as [4] , ∆x = 0.005, with a non-dimensional observability limit α/∆x = 1. The initial condition is: Figure 4 shows good agreement between our results and exact solution of two-phase Euler and demonstrate that all the wave velocities are captured correctly. Since we are using pseudospectral method to calculate derivatives, any sharp changes needs to be taken place over several grid point in order to avoid Gibbs phenomena. As a result of strong shock, using a nondimensional observability limit less than one creates spurious oscillations in the result. Using the Helmholtz filter, the observability limit imposes the shock thickness of about 4.6α (which here translates to about 5 cells or 6 grid points), as shown by [21] . 2D interaction of a shock wave with a Refrigerant 22 bubble This problem is a two-dimensional counterpart of the second case study solved in this section; a Mach 1.22 shockwave in the air interacting with a cylindrical Refrigerant 22 (R22) bubble with γ = 1.249 and ρ R22 = 3.712. This problem is first done experimentally by [10] and soon became a benchmark for numerical methods since it has complex wave interactions and also contains a Richtmyer-Meshkov instability that poses a severe challenge on computational methods. This simulation is done using a grid resolution of ∆x = 0.111 mm and a non-dimensional observability limit α/∆x = 2. For plotting numerical schlieren results, we use the visualization technique introduced by [22] . Figure 5 shows the schematic of the problem setup in addition to schlieren images from [10] compared to numerical schlieren from our results. In vertical direction the domain is periodic. Since the problem is symmetric with respect to the horizontal axis through the center of bubble, the periodicity act like a reflective boundary condition on top and bottom edges.
The results in Figure 5 show good agreement between experimental and simulation snapshots. There are some minor differences in wave speeds that specifically can be seen in part (c) and (d) of the figures. Similar differences can be seen in [22, 25, 19] . These can be associated to material properties used in the numerical simulations in contrast to material properties in the experiment. The other source of these differences could be the way the material in the interface region is defined and the effect it has on the propagation of the waves.
Conclusion
In this work we used the concept of observability and observable divergence, [17] , to develop a method for simulation of two-phase compressible flows. We developed an observable equation for tracking the material interface which preserve pressure equilibrium at the interface. A pseudo-spectral method is used since it does not have any numerical dissipation. This way we show that it is the system of equations that regularize the evident discontinuities in the problem and not numerical dissipation. Several 1D and 2D case studies are investigated and the results are compared with exact solutions of Euler or available experimental data. In all the cases the result from our method shows good agreement with the reference benchmark. We also looked at the effect of observability limit and explained the best practices for selecting the optimum observability limit parameter. 
